Quantum mechanics on Hilbert manifolds: The principle
of functional relativity

Alexey A. Kryukov

Quantum mechanics is formulated as a geometric theory on a Hbert manifold.
Images of charts on the manifold are allowed to belong to arltiary Hilbert spaces of
functions including spaces of generalized functions. Tems equations in this setting,
also calledfunctional tensor equations describe families of functional equations on
various Hilbert spaces of functions. Theprinciple of functional relativity is intro-
duced which states that quantum theory is indeed a functiond tensor theory, i.e.,
it can be described by functional tensor equations. The mairequations of quantum
theory are shown to be compatible with the principle of functional relativity. By
accepting the principle as a hypothesis, we then explain theorigin of physical di-
mensions, provide a geometric interpretation of Planck’'s onstant, and nd a simple
interpretation of the two-slit experiment and the process of measurement.
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1 Introduction

One of the most important goals of modern theoretical physis is to reconcile two of
its cornerstones: general relativity (GR) and quantum theay (QT). Both theories
have been extremely powerful and precise in explaining andnedicting the observed
phenomena. Accordingly, both theories are expected to be msent in some way
in any future theory. The areas of applicability of general relativity (also called
the theory of gravitation) and quantum theory are, in a way, opposite. The quan-
tum theory is an ultimate theory of the world of microscopic particles and elds,
while general relativity deals primarily with objects and processes of a macroscopic
character.
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The theories seem to be dissimilar and incompatible in everypossible way. This
becomes clear already when comparing the mathematical maafery used in each
theory. Roughly speaking, the quantum theory is describedmn terms of linear oper-
ators in Hilbert spaces with a heavy use of functional method and representation
theory. At the same time, general relativity is based on the nite dimensional
Riemannian geometry and uses primarily the methods of di eential geometry and
partial di erential equations. In simple words, the world of quantum theory is
in nite-dimensional and primarily linear, while the world o f general relativity is
nite dimensional and non-linear.

The theory of gravitation is naturally local, that is, physical observations at a
point in the theory depend only on the state of matter and elds in the immediate
neighborhood of the point. Mathematically this is re ected in the fact that the
equations of gravitation are partial di erential equation s. The quantum theory is
also local as it is also described by means of di erential eqations. However, the
locality of quantum theory does not work that well and seems b be imposed upon
us by the lack of a better mathematical description. In particular, many of the
di culties in the quantum eld theory (QFT) seem to be rooted in the concept
of a eld at a point in space-time. This concept seems to be bothnecessary and
contradictory leading to divergences in the theory.

Some of the di culties of QFT are also present in non-relativi stic quantum me-
chanics (QM) in the form of the so-calledimproper states The latter are the states,
like the eigenstates of position and momentum operators, tht are non-square in-
tegrable and, as a result, do not always t nicely into the theory. At the same
time, the improper states are essential as they serve as theuilding blocks of the
quantum theory and simultaneously provide the link betweenthe quantum and the
classical worlds. Indeed, the state function in QM would notbe de ned without
our ability to measure positions of non-relativistic particles. Likewise, the scatter-
ing amplitude in QFT would not exist without our ability to me asure momenta
of free particles. Simultaneously, the latter measuremers ideally create improper
states thereby endowing the particles with the classical mehanical properties and
providing the foundation of the classical world.

The mathematical di culties related to the presence of impr oper states in QM
are usually resolved by approximating these states, in som&ay, by square-integrable
functions. Alternatively, the improper states can be rigorously de ned as functionals
in the rigged Hilbert space construction of Gel'fand (see Re 1), in which case
they have no norm. Both approaches make the theory somewhatvekward as the
improper states, being the building blocks of the theory, ae not then included in the
theory on an equal footing with the square-integrable states Moreover, the latter
mathematical fact is but one indication that the quantum the ory, while based on the
classical properties of matter, is unable to fully explain these properties. Numerous
other observations, both theoretical and experimental, al seem to be leading to the
same conclusion of incompleteness of quantum theory. Thisicompleteness persists
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also in the advanced forms of quantum theory such as the strig/M theory, which rely
on a pre-existing notion of classical space-time. Formulatig the quantum theory in
a way independent of the pre-existing classical space and ohé classical properties
of measuring devices becomes then a problem of fundamentahportance. In light
of the properties of general relativity and quantum theory discussed above, the
problem expressed in a very general way consists in derivintpe \ nite dimensional
nonlinear world" from the \in nite-dimensional linear one" .

In a recent work (Refs. 6, 7) improper states in quantum mechaics have been
put on an equal footing with square-integrable states by meas of afunctional co-
ordinate formalism on Hilbert manifolds. The coordinate charts on a Hilbert mani-
fold in the formalism take values in arbitrary in nite-dimen sional separable Hilbert
spaces of functions including spaces of generalized funetis. Isomorphisms of these
spaces are then identi ed with transformations of coordinaes on the manifold. The
resulting formalism generalizes the notion of a tensor andeems to be the most ap-
propriate and powerful extension of the local coordinate aproach to tensor elds to
the case of in nitely many dimensions. The formalism demongrates, in particular,
that the improper states can be naturally included in QT if one is ready to accept
that the Hilbert metric on the space of states can have a di erent functional form
in di erent coordinate charts and in di erent physical situ ations.

Furthermore, in Ref. 8 the local coordinate formalism of nite dimensional Rie-
mannian geometry has been naturally derived from the aboveunctional coordinate
formalism on Hilbert manifolds. This opened a way of reformuating the Riemannian
geometry, topology and physics of classical space-time in fictional terms. In fact,
the geometry of the classical space itself as well as the dynacs of classical and
guantum particles on the space have beerderived in Ref. 8 from the geometry
of a Hilbert space of functions of abstract parameters. To pt it di erently, the
geometry of the classical space and the dynamics of partickeon the space have
been shown to be \encoded" into the geometry of an appropriateHilbert space of
functions of abstract parameters. In particular, the formalism eliminates the need
for a pre-existing classical space in quantum theory.

The apparent success of the above formalism in bridging the ap between the
guantum and the classical worlds supports the idea that Hilkert manifolds o er an
appropriate arena while the formalism itself provides an apropriate mathematical
language for quantum physics. At the same time, the resultig extension of the
currently accepted space-time arena is, in a way, minimal. Infact, the quantum
theory already uses various in nite-dimensional Hilbert spaces as an essential part
of its formalism. The obtained results simply hint that Hilb ert spaces and, more
generally, Hilbert manifolds should play an even larger roé in modern physics.

In the current paper we continue developing the above mentined geometric ap-
proach by exploring the idea that quantum theory is a functional tensor theory. In
other words, the equations of quantum theory can be expresskin a form indepen-
dent of any particular functional realization. This constitutes what is called in the
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paper the principle of functional relativity . We show that the principle is a natural
extension of the classical principle of relativity on spacdime. Simultaneously, the
principle is in apparent agreement with the standard appardus of quantum theory.
By accepting the principle as a hypothesis, we explain the agin of physical dimen-
sions, provide a geometric interpretation of Planck's contant, and nd a simple
model of the two-slit experiment and the process of measurenms.

Here is a plan of the paper. In Sec. 2 we briey review the prewusly ob-
tained results concerning the functional coordinate formdism and its applications
in quantum theory. In Sec. 3 we relate the observables in QM wh vector elds
in a Hilbert space and prepare the ground for a geometric intepretation of QM.
In Sec. 4 we introduce a Riemannian metric on the unit sphereS-2 in a Hilbert
spacel, of square-integrable state functions and in the correspondig projective
spaceCPL2 and verify that the integral curves of the vector elds assodated with
observables are geodesics in this metric. A simpler but sir@r analysis is done in
Sec. 5 where we discuss the Killing metric on the spher&2 of unit spinors and
the Fubini-Study metric on the complex projective spaceCP* of physical spinors.
The principle of functional relativity is introduced in Sec. 6. Here we show that the
apparatus of quantum theory is consistent with the principle of functional relativity,
that classical relativity is a special case of functional réativity and that the speed
of light is a functional scalar. In Sec. 7 we use the principleof functional relativity
to investigate the origin of physical dimensions and of quatum commutators. In
particular, the commutators in quantum theory are related to the curvature of the
Riemannian manifold S-2. The process of measurement in QM is analyzed in Sec.
8. Here possible interpretations of the two-slit experimentand of the instantaneous
nature of collapse in light of the principle of functional relativity are proposed and
future applications of the theory are discussed.

2 Functional coordinate formalism on Hilbert manifolds

The paper will make an extensive use of the coordinate form@&m on Hilbert mani-
folds developed in Refs. 6-8. The readers is referred to Ref. fér a mathematically
rigorous introduction to the formalism and its applications. The main idea of the
formalism is to associate a speci ¢ functional form of phystal quantities (e.g., ob-
servables, states, etc.) in QT with realization in a particular Hilbert space of the
corresponding invariant quantities de ned on an abstract Hilbert space.

For instance, the (pure) state of a quantum system in standad QM is de ned
in terms of state function, which is an element of a particula Hilbert space. This
is similar to de ning a point in space-time as a 4-tuple of coordnates. The 4-tuple
may pick out a space-time point, but it cannot be identi ed wit h the point because
there are other ways of picking it out. The point itself is a geometric object, which
is independent of any particular coordinates. A quantum stde can be de ned in a
similar geometric way. In the paper the state is considered & a point in an abstract
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state space, called astring spaceand the state function in a particular Hilbert space
is interpreted as a kind of \coordinate-dependent” way of piking out a state. We
remark that, except for the shared general in nite-dimensional setting, the \string"

formalism developed here has nothing to do with either strirg theory or loop gravity.
Here are the main de nitions:

A string spaceS is an abstract in nite-dimensional linear topological spaceiso-
morphic (that is, topologically linearly isomorphic) to a separable Hilbert space.
The elements ofS are called strings and will be denoted by the capital Greek lders
A Hilbert space of functions(or a coordinate spacg is either a Hilbert spaceH,
elements of which are equivalence classes of maps betweerotgiven subsets oR"
or the Hilbert space H dual to H. In other words, each equivalence class of either
H or H contains a representative which is a numeric or a vector-value function of
n variables or a functional on such functions. We remark here hat the number of
variables n may vary from space to space.

A linear isomorphism ey from a Hilbert space H of functions onto S is called a
string basis (or a functional basis) on S. The inverse mapeH1 :S! Hiscalleda
linear coordinate system onS (or a linear functional coordinate system). The string
basis identi es a string with a function: if 2 S, then = ey(") for a unique
"2 H.

Let S be the dual string space. That is,S is the space of all linear continuous
functionals on strings. Likewise, letH be the dual of a coordinate spaceH. A
linear isomorphismey of H onto S is called astring basis onS .

The basisey is calleddual to the basisey if for any string = ey (' ) and for
any functional F = ey (f) in S the following is true:

FO= () (2.1)

In the future the action of a linear functional f on function ' will be denoted in
one of the following three ways:f (" ) = (f;" )= (" f ). The expressions like ;' )
will be distinguished from the inner product of two elementsin a Hilbert space H
by the subscript H in the symbol of inner product. For instance, if f , g are elements
of H, then their inner product will be denoted by (f;g)n .

By de nition the string space S is isomorphic to a separable Hilbert space. We
can furthermore assume thatS itself is an abstract Hilbert space. Accordingly, we
will assume that the string basesey are isomorphisms of Hilbert spaces. That is,
the Hilbert metric on any coordinate spaceH is determined by the Hilbert metric
on S and the choice of a string basis. Conversely, the choice of aordinate Hilbert
space determines the corresponding string basis; up to a unitary transformation.
Indeed, with H xed, any two bases ey, ey can only di er by an automorphism of
H, i.e., by a unitary transformation.

Assume for simplicity that H is a real Hilbert space (generalization to the case
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of a complex Hilbert space will be obvious). We have:

(:)s=G(:)= G )=gda' " (2.2)
whereG : S S| R is a bilinear form de ning the inner product on S and
G:H H ! R isthe induced bilinear form. The expression on the right is a

convenient form of writing the action of G onH H. Such anindex notation will
be useful in the paper.

A string basis ey in S will be called orthogonal if for any ; 2 S we have
(:)s=F() (2.3)
wheref. is aregular functional and = ey', = ey as before. That is,
Z
()s=80)= ") (x)d (x); (2.4)

where R here denotes an actual integral over a -measurable setD 2 R" which is
the domain of de nition of functions in H.

If the integral in Eq. (2.4) is the usual Lebesgue integral aml/or a sum over a
discrete index x, the corresponding coordinate space will be called ah >-space. In
this case we will also say that the basisey is orthonormal. If the integral is a more
general Lebesgue-Stieltjes integral, the coordinate spacege ned by Eq. (2.4) will
be called anL »-space with the weight and the basisey will be called orthogonal
Roughly speaking, the metric on Hilbert spaces de ned by orhogonal string bases
has a \diagonal" kernel. In particular, the kernel may be proportional to the delta-
function or to the Kr necker symbol. More general coordinat e Hilbert spaces have
a \non-diagonal" metric (see Eq. (2.11) for example).

The bilinear form G :S S! R generates a linear isomorphisn® : S!S
by G( ;)=( & ;). Inanybasis ey we have

(;)s=(Benen )=e8eq' ()=8 () (2.5)

where e, is the adjoint of ey and 6= ey Bey mapsH onto H . Here the adjoint
of a linear operator R : H | 1 is the operator R : 1§ | H dened by
(Rf')y=(f; R )forany ' inH and any f in 1§ . If ey is orthogonal, then
&' = f. . It follows from the de nition that if ey is orthogonal, then H is a space
Lo(D; ) of square-integrable functions on a -measurable seD 2 R". In particular,
not every coordinate Hilbert spaceH can produce an orthogonal string basise .
Let us remark that the above de nitions are analogous to ther nite dimensional
counterparts. In fact, in the case of a nite number of dimendgons the de nition of a
string space becomes simply the de nition of an abstracn-dimensional vector space
V. A string basis becomes a map from the spacR" of n-tuples onto V and can be
identi ed with the ordinary basis on V. Likewise, the dual string basis becomes a
basis dual to the ordinary basis. A similar \correspondencerule" is valid for all of
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the above de nitions. At the same time, in the in nite-dimens ional case the given
de nitions describe substantially new objects. The main property of these objects
is their invariance under various isomorphisms of Hilbert paces of functions.

In particular, it is important to distinguish clearly the no tion of a string basis
from the notion of an ordinary basis on a Hilbert space. Name}, a string basis per-
mits us to represent invariant objects in string space (strngs) in terms of functions,
which are elements of a Hilbert space of functions. A basis othe space of functions
then allows us to represent functions in terms of numbers; tht is, in terms of the
components of the functions in the basis. As already discugsl, in case of a nitely
many dimensions the di erence disappears.

By a linear coordinate transformation on S we understand an isomorphism!
B! H of Hilbert spaces which de nes a new string basiseg : B! Shy
€e = € .

Let' =e,t, R=e,'ReyandB8= ¢,' ®Be,! be the coordinate expressions

of a string , an operator R :S! Sandthe metric® :S! S inabasisey.
Let! : 1§ ! H be alinear coordinate transformation onS. Then we easily obtain
the following transformation laws:

o= e (2.6)
B, = ! @ (2.7)
Re = 1 A, (2.8)

where'e, /Q@ and @re are coordinate functions of R and @ in the basis €q-
More generally, consider an arbitrary Hilbert manifold S modeled onS. Let
(U ; ) beanatlas onS (i.e. a collection of opens setd)J covering S and di eo-
morphisms  of U onto subsets ofS). A collection of quadruples U ; ;! ;H ),
where eachH is a Hilbert space of functions and! is an isomorphism ofS onto
H is called afunctional atlas on S. A collection of all compatible functional atlases
on S is called acoordinate structure on S. A Hilbert manifold S with the above
coordinate structure is called astring manifold or a functional manifold.

Let(U; )beachartonS.If p2 U ;then! (p) is called the coordinate
of p. The map ! U ! H iscalled acoordinate system The isomorphisms
! (! )y 1 u\yu)yr 1 (U \ U ) are calledstring (or

functional) coordinate transformations.

As S is a di erentiable manifold one can also introduce the tangen bundle struc-
ture :TS! Sandthebundle [:T{S! S oftensorsofrank ;s). Whenever
necessary to distinguish tensors (tensor elds) on ordinay Hilbert manifolds from
tensors on string manifolds, we will call the latter tensorsthe string tensors or the
functional tensors. Accordingly, the equations invariant under string coordinate
transformations will be called the string tensor or the functional tensor equations

A coordinate structure on a Hilbert manifold permits one to obtain a functional
description of any string tensor. Namely, let Gp(F1;: 5 Fr; 1555 s) be an (;s)-
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tensor on S. The coordinate map ! :U ! H foreachp?2 U yields the
linear map of tangent spacesd : T, @H ! TpS,where = 1 1 L
This map is called alocal coordinate string basis on S Notice that for each p the
map ey ey (p) is a string basis as de ned earlier. Therefore, the local dal basis
ey = ey (p)is de ned for each p as before and is a function ofp:

We now haveF; = ey fj,and j = ey 'jforany F 2 T,S, ; 2 T,S and
somef; 2 H ;' 2 H . Therefore the equation
Gp(FyunFry 1 o) = Gp(forunfe" 150" s) (2.9)

de nes component functions of the ; s)-tensor G, in the local coordinate basisey .
The outlined functional coordinate formalism permits one to consider Hilbert

spaces containing singular generalized functions on an equfooting with spaces of

square-integrable functions. In fact, consider a Hilbert smce H of functions nite

in the metric associated with the inner product
z

(5 dn = k(xy) (x) (y)dxdy: (2.10)

In Eq. (2.10) the kernel k(x;y) is an appropriate function on, say,R" R" and the
integral sign is understood as the action of the correspondig bilinear functional on
H H. More constructively, H can be obtained by completing a space of ordinary
functions ' with respect to the norm k' ka =(%" )u. We remark here that only
those functions k(x;y) for which Eq. (2.10) is a non-degenerate inner product (i.e.
the corresponding completionH is a Hilbert space) are considered.

By changing the \smoothness" properties ofk(x;y) as well as its behavior at
in nity we change the variety of functions in H. If, for example, the kernelk(x;y) is
a smooth function, then the corresponding Hilbert space cotains various singular
generalized functions. In particular, the spaceH of real valued generalized functions

\of" (i.e. de ned on functions of) x 2 R" nite in the metric
4

¢ dn= e XV (x) (y)dxdy (2.11)

can be shown to be Hilbert (see Ref. 6). Such a space containkd delta-functions
as, for example, z

e XV (x) (y)dxdy = 1: (2.12)

Moreover, H contains the derivatives of any order of the delta-functionsas well.

By allowing for generalized functions to be elements of a Hilert space of states
it becomes possible to extend to such functions the standar@M formalism dealing
with square-integrable functions. For instance, the expecation value of position
observablek for a particle in position eigenstate ,(x) = (x a) in the spaceH
with metric Eq. (2.11) is

z
(akau= eV (x ay(y addy=a (2.13)
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Although this result makes perfect sense, the expectation alue (; %' ), for a
square integrable function or a superposition of delta-funtons will be only approx-
imately equal to what one would expect from the standard QM. The same is true
about more general bilinear expressions. A nice resolutionf this problem will be
given in Sec. 7.

Let us also illustrate the usefulness of string tensor equabns and their di er-
ence from the ordinary tensor equations. For this let us consler the generalized
eigenvalue problem

FIR)= F () ; (2.14)

for a linear operatorR on S. The problem consists in nding all functionals F 2 S
and the corresponding numbers for which the string tensor equation Eq. (2.14) is
satised forall 2 S.
Assume that the pair F; is a solution of Eq. (2.14) andey is a string basis on
S. Then we have
enF(eq'Ren' )= eyF(); (2.15)

whereeyq' = and eHlR ey Is the representation ofR in the basisey . By de ning
e F =f and R = e,'Rey, we have

f(R)Y=f () (2.16)

Notice that the last equation describes not just one eigenviue problem, but a family
of such problems, one for each string basiey . As we changeey, the operator A in
general changes as well, as do the eigenfunctioffis

For instance, letH  L»(R) be a Hilbert space of complex-valued functions such
that the action of the operator of di erentiation AR = i% is de ned on H and the

dual spaceH contains the functionalsf (x) = €PX. For example, the Hilbert metric
2

on H could be given by the kernele Ea (x y) (see Sec. 6). The generalized
eigenvalue problem forA is

f io‘;(' = pf ('): (2.17)

The equation Eq. (2.17) must be satis ed for every' in H. The functionals

f(x)= M (2.18)
are the eigenvectors ofA. Let us now consider the coordinate transformation
H ! & given by the Fourier transform:
Z
K)=(" )= ' )"dx (2.19)

The Fourier transform induces a Hilbert structure on the space¥ = (H). Relative
to this structure is an isomorphism of the Hilbert spacesd and H. The inverse
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transform is given by 7
(1 )x) = zi (k)e * dk: (2.20)

Notice that the Fourier transform of € is (k p) and therefore the space dual to

K contains delta-functions. In particular, if the kernel of th e metric onH is given
2

by e 7 (x y), then the metric on 1§ has the kernel proportional to e (x )2
(see Sec. 6). According to Eq. (2.15), the generalized eigesiue problem in new
coordinates is

Lf(AR Y=op! f(): (2.21)
We have: d 1 Z 1 Z
| - i 2 = ikx - - ikx .
A | %2 (k)e "*dk 5 k (k)e " dk: (2.22)
Therefore,
(R )K=k (K): (2.23)
So, the eigenvalue problem in new coordinates is as follows:
gtk )= pg( ): (2.24)

Thus, we have the eigenvalue problem for the operator of mulplication by the
variable. The eigenfunctions here are given by

gk)= (p Kk): (2.25)
Notice that g=! f is as it should be. Indeed,
Z 4
| _ 1 X gy = L ipx o iKX gy — .
(r f)k)= 5 f(x)e " dx = 5 eve dx= (p Kk): (2.26)

As a result, the eigenvalue problems Eqgs. (2.17), and (2.243an be considered as
two coordinate expressions of a single string tensor equain Eq. (2.14).

Let us discuss now the di erential geometry of string manifdds. Assume that the
string manifold under consideration is the abstract Hilbert spaceS itself. Choose a
linear functional coordinate systemeH1 :S! HonS. Let ¢beapointin S and
let (:R! S be adierentiable path in S which passes through the point ¢ at
t=0. Let ' = eHl( 1) be the equation of the path in the basisey .

The vector X tangent to the path  at the point ( can be de ned as the
velocity vector of the path. In the basis ey, X is given by
d ¢ _
dt (=

Given vector X tangent to  at the point o and a di erentiable functional
F on a neighborhood of ¢ in S, the directional derivative of F at  along X is
de ned by

e, }(X) = (2.27)

dF( 1)

XF = :
dt o

(2.28)
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By applying the chain rule we have

XF=FO) . , o’ (2.29)
whereF{) j- ,:S! R is the derivative functional at = oand =0 2 S

is the derivative of { at t = 0. Writing the last expression in coordinates yields

A
f(C)
XF = , (x)dx; (2.30)
(X) i 0

where =" {ji=o and rC) 2 H , denotes the derivative functional F{ o) in

' (X) - 0
the dual basise,. As before, the integral sign is understood here in the sensef

action of ((X; on . In this notation we can also write symbolically

4

X = (x),i(x)dx: (2.31)

The right hand side of Eq. (2.31) acts on functionalsf de ned by
f()=F(Q; (2.32)

where F is as before andey' = .

The spaceT ¢S of all tangent vectors X at a point ¢ can be identi ed with
the Hilbert space S itself and will be called the tangent spaceto S at the point .
Notice also that the identi cation of TS with S makes it possible to identify the
string basis ey with the local basis at ¢ and with the symbol —.

Assume now that the kernel of the Hilbert metric on a coordinae spaceH is a
smooth function onR" R". Then H contains delta-functions and the subsetM of
all delta-functions in H forms a submanifold ofH. In fact, it is easy to see that the
map a ! (x a) is a smooth map fromR" into H which parametrizes the set
M of all delta-functions in H. Let us also remark that, although M is not a linear
subspace ofH, any di eomorphism M = R" induces a linear structure onM. In
fact,if ! :R" ! M is a di eomorphism, then we can de ne linear operations ;
onM by !(x+y)=1(x) !(y)and! (kx)= k ! (x) for any vectors x;y 2 R"
and any number k. It is easy to check that these operations are continuos. The
resulting linear structure on M will be then di erent from the one on H.

In a similar way one can also derive topologically nontrivid spacesM. For
example, letH be the Hilbert space of smooth functions on the interval [02 ] such
that ' (M(0)= ' (M2 )forall' in H and for all ordersn of (one-sided) derivatives of
' . Consider the dual spaceH of functionals in H and assume that the kernel of the
metric on H is smooth and that the spaceH contains su ciently many functions.
Then the subsetM of delta-functions in H form a submanifold di eomorphic to the
circle St (see Ref. 9).
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More generally, a Hilbert spaceH of functions on an n-dimensional manifold can
be identi ed with the space of functions on a subset ofR". In fact, the manifold
itself is a collection of non-intersecting \pieces" of R" \glued" together. Functions
on the manifold can be then identi ed with functions de ned o n the disjoint union
of all pieces and taking equal values at the points identi edunder \gluing”. As a
result, the dual spaceH of generalized functions \on" the manifold can be also
identi ed with the corresponding space of generalized funtions \on" a subset of
R".

This fact allows us to conclude that topologically di erent manifolds M can be
obtained by choosing an appropriate Hilbert space of funcibns on a subset ofR"
and identifying M with the submanifold of H consisting of delta-functions. The
manifold structure on M is then induced by the embedding ofM into H and does
not have to be de ned in advance.

Moreover, the tangent bundle structure and the Riemannian $ructure on M can
be also induced by the embedding : M !  H. To demonstrate this, let us select
from all paths in H the paths with values in M . In the chosen coordinates any such
path ' ¢ :[a; ! M has the form

()= (xoa(t) (2.33)

for some function a(t) taking values in R".

Vectors tangent to such paths can be identi ed with the ordinary n-vectors. In
fact, assumef is an analytic functional represented on a neighborhood of o = ' j;
in H by a convergent power series

4 Z Z
f(')="fo+ fi(X)' (X)dx+ fa(x;y)' (X)' (y)dxdy + (2.34)

wherefg;f1;f2;::: are smooth functions. Then on the path' ((x) = (x a(t)) we
have

d(y) _ @)  da

dt =0 @X x=a@ Ot =0’

(2.35)

where on a neighborhood ofgy = a(0) in R" the function f (a) = f ( 5) with 4(X) =
(x a) is given by the convergent series

f(@=fo+fi(a)+ fo(aja)+ 1 (2.36)

In particular, the expression on the right of Eq. (2.35) can be immediately identi ed
with the action of a n-vector %it@—@; on the function f (a). Using Eq. (2.30) we also
conclude that

a0 1() L db e
dt =0 " (X) -, dt oo @a -4 ()

(2.37)
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Assume now that H is a real Hilbert space and letKk : H H ! R be the
metric on H given by a smooth kernelk(x;y). If * ="' ((x)= (x a(t)) is a path
in M, then for the vector ' (x) tangent to the path at ' o we have

d ((x) da
' = — : 2.
L G A (2.38)
Herer = @va a = a(0) and derivatives are understood in a generalized sensegi
as linear functionals acting on smooth functions. Therefoe,
z da da
k' ka = k(xy)r (x a —— r (y a ——  dxdy: (2.39)
dt t=0 dt t=0
\Integration by parts" in the last expression gives
Z
@k(x;y) da da
k(x;y) ' (x)* dxdy = ——== — — : 2.40
R Rl - i (2.40)
By de ning %2-ji_o = da , we have
4
k(x;y)" (x) " (y)dxdy = g (a)da da ; (2.41)
where @
K(x;y)
g ()= ; (2.42)
@x@y X=y=a
As the functional K is symmetric, the tensor g (a) can be assumed to be

symmetric as well. If in addition %‘;%3;) is positive de nite at every a, the
X=y=a

tensor g (a) can be identi ed with the Riemannian metric on an n-dimensional
manifold N di eomorphic to M.

In particular, consider the Hilbert space H with metric given by the kernel
k(x;y) = e 2® ¥? forall x;y 2 R3. Using Eq. (2.42) and assuming X y)?2 =

(x y)x y)with ; =1;2;3, weimmediately conclude thatg (a) = ,
which is the Euclidean metric.

The resulting isometric embedding is illustrated in Figure 1. The cones in the
gure represent delta-functions forming the manifold M which we denote in this
case byMs.

To understand better the embedding ofR3 into H let us observe that the norm of
any element (x a)in H is equal to 1. Therefore, the three dimensional manifold
M3z is a submanifold of the unit sphereSH in H. Moreover, the set M3 form a
complete systemin H. That is, there is no non-trivial element of H orthogonal

e\l/ery element of M3. In fact, assume thatf is a &mctlional in H such that

e 2 V’f(x) (y u)dxdy =0 forall u2R3 Then e 2z W (x)dx =0 for
all u 2 R3. Since the metric® Y:H ! H given by the kernele 2 ¥)* is an
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Isometric enbedding

R

I(X)=6(x — at) x =at_

]\/[;3, e_%<x_3')2 N, 5;11/

Hilbert gpace picture Classicd space picture

Figure 1: Isometric embedding ofR® into H

isomorphism, we conclude thatf = 0. It is also easy to see that the elements of any
nite subset of M3 are linearly independent. Indeed, if p_; c« (x a) is the zero
functional in H and the numbersay are all di erent, then the coe cients ¢, must
be all equal to zero. Finally, it is obvious that the set M3 is uncountable and that
no two elements ofM3 are orthogonal (although, providedja L 1, the elements
(x a), (x b)are\almost" orthogonal).
The following two pictures help \visualizing” the embedding of R® into H. Under

the embedding any straight line x = ag + at in R® becomes a \spiral" ' {(x) =
(x ap at)on the sphereS" through dimensions ofH. One such spiral is shown
in Figure 2. The curve in Figure 2 goes through the tips of three shown linearly
independent unit vectors. Imagine that each point on the cuwe is the tip of a unit
vector and that any n of these vectors are linearly independent.

Figure 2: Straight line in R® as a \spiral" on the sphere SH

Based on this analysis, one can visualize the seM3 as a three dimensional
spiral-like submanifold in SH through the dimensions ofH. Figure 3 illustrates the
embedding of R? into H in light of this result. Notice that under the embedding
the in nite \size" of the Euclidean space R® has its counterpart in the in nite
dimensionality of SH.

According to Ref. 8, any analytic Riemannian or pseudo-Riemannian metric
on a nite dimensional manifold can be locally written in the form Eqg. (2.42). In
particular, for any analytic Riemannian or pseudo-Riemannian nite dimensional
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Isometric embedling

SR

\_

M3, e~ (x=¥)* N, 0w
Figure 3: R® as a Riemannian submanifold of the spher&H

manifold N there exists a coordinate Hilbert spaceH, such that N is locally iso-
metric to the submanifold M of H consisting of delta-functions. The described
formalism will be referred to in the later sections as theembedding formalism

3 Observables as vector elds

Let us now assume that the classical spackl 3 is embedded into a coordinate Hilbert
spaceH in the fashion described in Sec. 2. We saw that the Riemanniamanifold
structure on M3 is induced in an elegant way by the embedding : M3 ! H. Our
goal now is to reformulate QM in light of this embedding and to see to what extent
such a reformulation may be useful. The key observation is tat the embedding
i:M3z! H allows one to extend the objects de ned on the classical spa&cto the
entire Hilbert space. This extension will make the functional tensor approach to
guantum theory possible.

Consider for example the momentum operatorp = i r ( =1;2;3) in the
direction speci ed by a unit vector in the classical space. By direct computation
(and in agreement with Eq. (2.37)), we have

Z

@
r (x a-—- dx = —; (3.1)
X) 0= x a) @a
wherer = @va the left hand side acts on functionals of and the right hand side

acts on the corresponding functions onR3. We conclude that, up to the factor i,
the momentum operator p is a restriction to the classical spaceM 3 of the linear in
' string vector eld P- onH de ned by
Z
P = r'(x)

- dx: (3.2)
(x)
Notice that becauseM 3 form a complete system inH, the constructed linear exten-
sion P- of the vector eld Eq. (3.1) from M3 onto H is unique.
The above extension can be applied to any QM observabld yielding a string

vector eld
A ey IR (3.3)
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where the factor i has been used for the future convenience. In this case we will
say that the vector eld A is associatedwith the operator R.

In particular, the vector eld associated with the position operator k¥ = x
in the direction of a unit covector is given by
z
Q = i X' (X)——dx: (3.4)
(%)
For the commutator (Lie bracket) of vector elds P- and Q- we easily nd:
Z

[P;Q 1= i ' (x) dx: (3.5)

L (x)

In particular, the commutator is again a vector eld on S depending linearly on' .
More generally, assume thatA?, B are observables andA. , B are the associated
vector elds. Then one nds by a direct computation that

z
[A ;B 1= [RB] ()

ey dx; (3.6)

where [ B] is the usual commutator of the observables.
Given the vector eld A. associated with an observableR, consider an integral
curve' of A, i.e. the curve in S satisfying the equation

d
5 iR (3.7)

The general solution of Eq. (3.7) is given by

S )= e P (3.8)

where ' ¢ is the initial point on the curve. Indeed, since the observale &R is an
Hermitian operator, Stone's theorem assures existence ohe one-parameter group

e i Pof unitary operators with the generator iR. Assume in particular that ' ¢ is
a unit-normalized state function in a Hilbert space L,. Then the equation Eg. (3.8)
describes a curve on the unit spher&st2 L.

Quite often the improper states can be approximated in some &y by square
integrable functions. Therefore the integral curves of obsrvables passing through
improper states can be still thought to be curves on the sphex S-2. Notice also that
because delta-states can be approximated by the \sharp" Gausan functions, the
classical space can be identi ed in this approximation with a submanifold of S-2.

Alternatively, assume that ' ¢ is an improper state that belongs to a Hilbert
spaceH . For example, let' o(x) = (x a) and let the spaceH be de ned by Eq.
(2.11). Then' o does not belong to the sphereS-2 but is instead a point on the
unit sphere SH in H (recall that by Eq. (2.12) the delta-function (x a) is unit-
normalized in H). Because the metrics orH and L, are di erent, a transformation
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that is unitary transformation on L is not necessarily unitary onH. As a result,
the integral curves of observables are not guaranteed to takvalues inSH . However,
as discussed in Sec. 7 (see also Ref. 8), the metrics 8h2 and S" may be \close"
to each other, so that the di erence between thelL, and the H-norm of a square-
integrable function may not be signi cant. In this case the integral curves Eq. (3.8)
through unit-normalized elements of eitherL, or H can be considered to be curves
on the sphereSH . At the same time the classical spacéV 3 is now a submanifold of
sH.

However, the most appropriate way of working with several Hibert metrics on a
manifold at once is to consider the manifolds likeS-2 and S? as Hilbert manifolds
with a Riemannian metric G. The metric G is then a tensor eld which may vary
along the manifold. In particular, the metric may be \deform ed" along the subman-
ifold M3. The local coordinate charts may express this change in meit through
the change in component functions of the metric and the correponding change in
the functional Hilbert space in which the charts take values

In the following, whenever the improper states are under disussion, the most
convenient of the above three interpretations will be used. The notation S will
be used for the sphereS‘2 furnished with a Riemannian metric G, i.e., for the
pair St2:G . Because any two separable in nite-dimensional Hilbert spaes are
isomorphic, the spheres in these spaces are di eomorphic.t follows that any Rie-
mannian manifold di eomorphic to a sphere in a Hilbert spacecan be identi ed with

St2: G for some metric G. In particular, the unit sphere SH with Riemannian

metric induced by embedding into H can be identi ed with the sphere S-2 with a
Riemannian metric G.

The vector eld A- = iR generates a motion of functionals along the integral
curves' . Namely, if f is a functional onH and the values , + of the parameter
mark the points ' and' + on an integral curve' , then one can de ne a new
functional f by

fC )=f1C +): (3.9)
Using the Taylor's series expansion we have
f( L )=edf( ) (3.10)
Alternatively, we can write
R
o+ )=eftC)=e’ PO, (3.11)
According to Eq. (3.1), for the vector eld P- associated with the momentum
operatorp = i r ,formula Eq. (3.11) with terms restricted to M3 reads
fa+ )=e " f(a): (3.12)

Here f (a) is the value of the functional f (' ) on delta-function 4(x) = (x a).
A simple calculation shows that one could equivalently use he function f&a) =
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f ((X; o= @) and replace the remaining variables< with a at the end. As follows
X)= X

from Eq. (3.12), the Lie dragging of functions along vector elds on the classical
space is a particular case of dragging functionals along strg vector elds on the
string spacesS.

Let us now consider the integral curves of vector elds assdated with momen-
tum, energy and position observables in more detail. From Eq (3.8), we have for
the momentum operator

r

' "o(X) =" o(X ); (3.13)
where the last equality is proved by a Taylor's series exparisn. In particular, if
"o(x)= (x a),then’ (x)= (x a ). The resulting integral curve belongs
in this case to the submanifoldMz S and the parameter can be identi ed with
length in the classical space along the curvé .

For the energy operatorH = + V(x) equation Eq. (3.7) is simply the
Schredinger equation and we have

xX)=-e

)= el B (3.14)

Accordingly, the parameter on the integral curve ' in Eq. (3.14) is identi ed
with time.
The integral curve of the vector eld Q= associated with the position operator
is
CX)=e ! X ox): (3.15)
To establish the meaning of parameter in this case let us apply the Fourier trans-
form to ' o(x). From Eq. (3.15) we obtain then

Z VA
Cx)=el X dkXgk)dk = P X 'eg(p+  )dp; (3.16)
wherep = k . That is, the Fourier image of ' evolves by
'e (k)= 'eg(k+ ): (3.17)

For simplicity, let us identify here the manifold M3 with a submanifold of St2
of sharp Gaussian functions which we still write in delta-furction notation. Let
us de ne the momentum spacefll; to be the image of the spaceMs under the
Fourier transform. Since the Fourier transform is unitary in L,, the momentum
space is a submanifold oS-2. Clearly, the intersection M3\ M3 is empty. By Eq.
(3.17) the integral curves of Q- with ' g(k) = (k a) lie in 15 and are given by
" (k)= (k+ ). Therefore, the parameter is the length along the curve' in
the momentum space.

Note that the integral curves of the vector eld A. associated with R form a
congruence That is, through each point ' ¢ 2 St2 such that R 60 there passes
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a unique integral curve of A: given by Eq. (3.8). This follows from the existence
and uniqueness of the solution of Eqg. (3.7) with the given inlial state ' .

Let us choose then a codimension one submanifold Stz of initial state
functions transversal to the integral curves ofA: at least on a neighborhoodU
of a point ' 9. We can associate with each point in a neighborhoodV of ' o in St2
the pair ("o; ), ' 02 U, 2 R,suchthat' = e iR 0. The pair (' o; ) can be
used to parametrizeV. We then call the above association gartial one-dimensional
coordinate system onV associated with&R or simply the R-coordinate system

Consider now two observables® and B and the corresponding vector eldsA:
and B: . Suppose that the vector elds are linearly independent on aneighborhood
of ' g in L, (and thus, by linearity of elds, on the entire L;). Then the elds form
what is called a two-dimensional distribution on L,. By Frobenius theorem this
distribution is integrable if and only if it is involutive. | n other words, the integral
curves of R and B \sweep" a family of two-dimensional submanifolds ofL, if and
only if the Lie bracket [A: ;B ] is a linear combination of A and B: .

In this situation let St2 be a codimension two submanifold of initial state
functions which contains ' o and which is transversal to the integral curves ofA:
and B at least on a neighborhoodU . Let ; be parameters along the
integral curves of A and B: respectively. Then the triple (' o; ; ) can be used
to parametrize a neighborhood of' ¢ in S2 if and only if [A- ;B:] = 0 on this
neighborhood (equivalently, if and only if [® B8] = 0). In other words, the map

(o) e®ei®r, (3.18)
from a neighborhood of' ¢ (0;0) in U R? into S'2 is a local di eomorphism
if and only if [A- ;B:] = 0 (equivalently, if and only if [ & B] = 0). In this case
we say that the pair (U; 1)is a partjal twqydimensional coordinate system onV
associated with operators®, B or the AR B -coordinate system

Figure 4 illustrates this result. The integral curves of A- , B: in the gure do
not \close up" to form a coordinate grid unless [& B8] = 0.

Ago @0 + €14¢0

o + €1Apo + €2Bpo + €261 BApg

Yo + Qé’»ﬂ(]
Figure 4. Integral curves of vector elds A- and B

A similar analysis is valid for any nite number of observables and the associated
vector elds. We conclude that only when the observables unér consideration
commute do the integral curves of the associated vector eld form coordinate grids
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with parameters along the curves as coordinates of points Benging to the integral
manifolds of the corresponding distributions. In particular, since components of
the momentum operator p = ir commute, the integral curves of the associated
vector eld through the points (x a) form a coordinate grid on M3. Similarly,
the integral curves of the vector eld associated with the pasition operator ® form
a coordinate grid on the momentum spacdf/l 3.

4 Riemannian metric on the unit sphere L, and on the
projective space CP'2

In the previous section we discussed integral curves of veat elds associated with
various observables. The goal of this section is to demonsite that the integral
curves of vector eld associated with Hamiltonian of a close quantum system (i.e.
solutions of the Schredinger equation for the system) are godesics in the appropriate
Riemannian metric on the space of states of the system. Moreeamperally, we will
see that the integral curves of vector eld associated withany observable with a
trivial kernel are geodesics in the appropriate Riemannianmetric. This fact will
be important in Sec. 6, where the functionally covariant approach to quantum
theory will be discussed. In establishing this fact we will &so develop an in nite
dimensional version of the local coordinate formalism on Remannian manifolds.

In this section the index notation introduced in Sec. 2 will be used extensively.

Thus, a string-tensor T or rank (r; s) in the index notation will be written as tg'f" .
Assume thatK :H ! H denes an Hermitian inner product K(; )=(K; )

on a complex Hilbert spaceH of compex-valued functions . Let Hr be the real
Hilbert space which is the realization of H. That is, Hgr is the space of pairs of
vectors (Re ;Im ), 2 H, with multiplication by real numbers. Alternatively, we
can think of Hgr as the space of pairX = ( ; ) with multiplication by real numbers.
In what follows the notation Hg will always refer to this latter realization.

Since the inner product onH is Hermitian, it de nes a real valued Hilbert metric
on Hgr by

Kr(X;Y)=2ReK(; ); (4.1)
forall X =(; ), Y=(;)with ; 2 H. We will also use the \matrix" represen-
tation of the corresponding operatorRg : Hr ! Hg:

0 K #
Rr= — 4.2
R o (4.2)
In particular, we have
#

Kr(X;Y)=(RrX;Y)=[; IRr _ =2ReK; ); (4.3)



QM on Hilbert manifolds 21

where K~ stands for the inner product (K ; ) and K stands for its conjugate.

Let us agree to use the capital Latin letters A;B;C;::: as indices of tensors
de ned on direct products of copies of the real Hilbert spaceHgr and its dual. The
small Latin letters a;b;c;:::and the corresponding overlined lettersa; b;c; ::: will be
reserved for tensors de ned on direct products of copies otte complex Hilbert space
H, its conjugate, dual and dual conjugate. A single capital Ldin index replaces a
pair of lower Latin indices. For example, if X 2 Hg, then XA = (X 2; X &), with X2
representing an element oH and X2 = X°.

Consider now the tangent bundle over a complex string spac& which we identify
here with a Hilbert spacel , of square-integrable functions. Let us identify all bers
of the tangent bundle over L, (i.e. all tangent spacesT Ly, ' 2 L) with the
complex Hilbert space H described above. Let us introduce an Hermitian (02)
tensor eld G on the spacel , without the origin as follows:

K,
G(; )= (,_, ); (4.4)
( ’ )Lz
for all , inthe tangent spaceT L, and all points' 2 L, . HereL, stands for
the spacel » without the origin.
The corresponding (strong) Riemannian metricGr on L is de ned by
Gr(X;Y)=2ReG(; ); (4.5)
where as beforeX =( ; )and Y =( ; 7). In the matrix notation of Eq. (4.2) we
have for the operator@R :Hr ! Hg dening the metric Grg:
" #
0 &
= — ; 4.6
where®:H | H de nes the metric G.

In our index notation the kernel of the operator & will be denoted by 9.5 SO
that

= Kep 4.7
gab K' kEZ’ ( )
where k ¢ is the kernel of K. From Eq. (4.6) we have for the components 6Gr)as
of the metric Gg:
(Br)ab = (BRr)55=0; (4.8)

and

BR)sp= 95 (BR)ab = U5 (4.9)
For this reason and with the agreement that g stands for g,; we can denote the
kernel of B by gag . For the inverse metric we have

" L

_ ¢] .
B! = @01 L (4.10)
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Let the notation g2 stand for the kernel of the inverse operator® ! and let gaB
stand for its conjugate g?. Then

(Br)2° = (BR)® = 0; (4.11)

and - - ~ -
(Br)% = ¢g®; (Br)2° = g™ (4.12)

Accordingly, without danger of confusion we can denote the krnel of 8 by g8 .
Having the Riemannian metric Gg on L, we can de ne the compatible Rie-
mannian, or Levi-Civita) connection by

2GR(( X;Y);Z)= dGRX (Y;Z2)+ dGRY(Z;X) dGRZ(X;Y); (4.13)

for all vector elds X;Y;Z in Hg. Here, for example, the termdGgr X (Y; Z) denotes
the derivative of the inner product Ggr(Y;Z) evaluated on the vector eld X. In
the given realization of the tangent bundle, for any' 2 L, the connection is
an element of the spaceL(Hgr;HRr;HR). The latter notation means that is an

Hgr-valued 2-form onHgr Hg. In our index notation the equation Eq. (4.13) can

be written as

daD dca dcp .
20988 ¢p = ¢t 5 - (4.14)

Here for any' 2 L, the expressiongag (B:D is an element ofL(Hgr;HRr;HR;R),
i.e., it is an R-valued 3-form de ned by

g epXCYPZA = Gr(( X;Y):2) (4.15)

forall X;Y;Z 2 Hg. Similarly, for any ' 2 L, the variational derivative 222 is an
element ofL(HRr;HR;HRg;R) de ned by

9AD x CYPZA = dGRX (Y;2): (4.16)

For any ' 2 L, by leaving vector Z out, we can treat both sides of Eq. (4.13)
as elements oH . Recall now that Gg is a strong Riemannian metric. That is, for
any ' 2 L, the operator Bg 1 Hg ! Hg is an isomorphism, i.e.,@Rl exists. By
applying @Rl to both sides of Eq. (4.13) without Z we have in the index notation:

28, =g 2+ 3% I, (4.17)
where
EoXYP 5= (B Br (X;Y));) : (4.18)

Formula Eq. (4.17) de nes the connection \coe cients" (Chr isto el symbols) of the
Levi-Civita connection. From the matrix form of 8z and 8;' we can now easily

obtain

_—b _ 1z Jda, Ya .
0= @ 0 ot g (4.19)




QM on Hilbert manifolds 23

5 1 . s 05
2, = w@- Egab gFCg Tcg ; (420)
b _ 14 OQda Yod |
= a= 50" % e (4.21)

while the remaining components vanish. To compute the coe dents, let us write
the metric Eq. (4.7) in the form

k _
ab__. (4.22)

96 = —— i
uv

where v (u V) is the L, metric in the index notation. We then have for the
derivatives:

9ab _ kaB CVHV. (
i ; ; 4.23)
c K K,
and ) !
9ab _ ab e " (4.24)
— - \ 4 . .
¢ k kl_2

Using Egs. (4.19)-(4.21) we can now nd the non-vanishing conaction coe cients

_ b - + b v

b _ —b _ d cv c av )

cd= cd ™ 2 , (4.25)
2k K,

b _ ab, _ _ vu
C ud kkcdua

2k Kk,

; (4.26)

8,°
ol é‘\

and
_ b _ kabkf _ru
b _ —b _ d uc dc ua .
td~ cd~ T2 . (4.27)
2k Kk,

Consider now the unit sphereS‘2 : k' k., = 1in the space L,. Let R be a
(possibly unbounded) injective Hermitian operator de ned on a setD AR and with

the imageR AR . Here we assume for simplicity thatD & R AR and that both
D R andR AR are dense subsets df,. Let us de ne the inner product (f;g)n
of any two elementsf,g in R R by the formula (f;g),, R 1 R g =

2

1
AR ;g . Bycompleting R R with respect to this inner product we obtain

a Hilbert space H. Notice that R is bounded in this norm and can be therefore
extended to the entire spaceL,. We will denote such an extension by the same
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symbol R. Let R = (RR) 1, R :H ! H be the metric operator onH. As
before, we de ne the Riemannian metric onL, by

2Re(R ; ).
(‘; ‘ )Lz ,
where X = (; ), Y = ( ;7). Assume that the sphere S‘2 L, is furnished
with the induced Riemannian metric. Consider now the vector eld A = iR
associated with the operator R. As in Sec. 3, the integral curves of this vector
eld are given by ' = e iR 0. Sincee iR denotes a one-parameter group of
unitary operators, the integral curve ' through a point ' o 2 S‘2 stays onS‘2 . In
particular, the vector eld A is tangent to the sphere. In other words, the operator
iR maps points on the sphere into vectors tangent to the sphere.

Gr(X;Y) = (4.28)

We claim now that the curves’ = e ® " o are geodesics on the sphere in the
induced metric. That is, they satisfy the equation
d2| d' . d'

i7t g =0 (4.29)

In fact, using Egs. (4.25)-(4.27) and collecting terms, we ofain

, dcap  RGG AP

= 4.30
CD d d K kEz ( )
The expression for BCD dd—cdd—D turns out to be the compleix conjugate of Eq. (4.30).
Now, the substitution of © = é® ' g andR = AR into the right hand side
of Eq. (4.30) yields R2' . At the same time, & = A2  and therefore the
equation Eq. (4.29) is satis ed. That is, the curves' = e iR o are geodesics in
the metric Eq. (4.28) on L, . Since these curves also belong to the sphe®2 and
the Riemannian metric on the sphere is induced by the embeddig S2 ! L, , we

conclude that the curves' are geodesics orsL2.

Assume in particular that & is the Hamiltonian R of a closed guantum system.
Then the above model demonstrates that, in the appropriate Remannian metric on
the unit sphere S-2, the Schedinger evolution of the system is a motion along a
geodesic ofS-2. For a closely related metric onSt2 this result was obtained earlier
in Ref. 8 by means of variational principle.

Let us remark that the formalism developed in this section isuseful for other
purposes as well. In particular, having the connection coe cients Egs. (4.19)-(4.21),
we could have found the curvature ofS‘2 for the given Riemannian metric.

Notice also that multiplication by a non-zero complex number is an isometry of
the metric Eq. (4.28). In other words, if 2 C , whereC is the set of all non-zero
complex numbers, then

Gr(" )(X;Y) = Gr(" )(dX;dY ): (4.31)
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This follows at once from Eg. (4.28) and the fact that multipl ication by a number is
a linear map. We conclude that the metric Eq. (4.28) de nes a Remannian metric
on the complex projective spaceCP2 = L, =C of complex lines inL,. When the
spaceH in Eqg. (4.28) coincides with L, the resulting metric is nothing but the

famous Fubini-Study metric on the in nite-dimensional space CP'2 (see Ref. 3).
This metric will also show up in the nite dimensional settin g that we are about to
discuss.

5 Riemannian metric in the 3-sphere S and on the com-
plex projective space CP?

Instead of the in nite-dimensional sphere S-2 consider now the 3-spheres® with the

group structure of the Lie group SU(2). The idea is to show that the formalism of
the previous section has its natural counterpart in the Hilbert spaceC? of spin states
of non-relativistic electrons. This puts us in the context of a well developed theory
of Lie groups and homogeneous Riemannian manifolds. Accoirgly, the exposition

will be brief and the reader is referred to any standard text an the subject for details
(for a simple practical approach, see Ref. 4).

Given an element& of the Lie algebrasu(2), consider the left invariant vector
elddened by Ly(")=" R for all ' 2 SU(2). The corresponding integral curve

through a point ' o 2 SU(2) has the form' ="' oe"0 . The Killing metric on SU(2)
can be de ned hy

Lp( )iLg() = Tr adk ad® (5.1)

for any & B 2 su(2). Here the operator ad® : su(2) ! su(2) is de ned by
adR Y =& 0] for all ® 2 su(2) and similarly for ad®, and Tr stands for the
trace. Notice that the left invariant vector elds form a bas is at any point ' 2 SU(2)
and therefore the formula Eq. (5.1) de nes the Riemannian méric on SU(2). From
the de nition Eg. (5.1) we see that the Killing metric is inva riant under the left and
right action of SU(2). Moreover, any other Riemannian metric with this property
is proportional to the metric Eqg. (5.1) and is also called theKilling metric.
Let us now de ne the connectionr on SU(2) by

1

for any two left invariant vector elds. It is known that Eq. ( 5.2) de nes the
Levi-Civita connection of the Killing metric Eq. (5.1) (see Ref. 4). Moreover, the
geodesics through identity element 2 SU(2) are exactly the 1-parameter subgroups

of SU(2). That is, for any R 2 su(2), the curve given by' = P s the geodesic
through e in the direction of R. More generally, for any ' o 2 SU(2) and any
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R 2 su(2) the integral curve ' = oe'b of the vector eld L y(' ) is the geodesic

through ' ¢ in the direction of A.

We therefore see that, similarly to the in nite-dimensional case considered in
the previous section, there exists a Riemannian metric or83 such that the integral
curves of the linear vector eld ' &R are geodesics ors3.

For the curvature tensor of the Killing metric ( ; )x on SU(2) considered as a
(1; 3)-tensor evaluated on left invariant vector elds, we have

1
R(Lb’le)L(b = ZL[[/Q®];d3]: (53)

When the curvature tensor is assumed to be a (#)-tensor, we have instead
1
RLplylply =5 RBLED] (5.4)

These formulas will be useful in Sec. 7.

The above formalism turns out to be relevant in physics. In fat, the electron
in the non-relativistic QM is described by a two-component state function. If one
is only interested in the spin properties of the electron, is state function is a C?-
valued vector function of time. The values of this function are called spin-vectors
or spinors. The sphere S® of unit spinors can be then identi ed with the group
manifold SU(2).

Since the states are physically determined only up to an ovetll phase factor,
the physical space of states is the projective spacEP! = C2=C , where as before
the asteric means \take away zero". The spaceCP?! can be identi ed with the
homogeneous spacBU(2)=S(U(1) U(1)). The group SU(2) acts as a (transitive)
group of transformations on CP* and S(U(1) U(1)) can be identi ed with the
isotropy subgroup mapping the circleS  S2 representing the complex line through
an arbitrary element ' o 2 SU(2) into itself.

We can now decompose the Lie algebrau(2) onto the orthogonal in the Killing
metric sum of two subspace4.? and L? . Namely, the one-dimensional subspack? is
the Lie algebra of the isotropy subgroup of' o, while the two-dimensional subspace
L? is the orthogonal complement ofL°. The spaceCP! can be then identi ed
with the submanifold of SU(2) spanned by geodesics through the identity element
e 2 SU(2) in the direction of all vectors R 2 L?. As a result of this identi cation,
the (positive de nite) Killing metric on SU(2) gives rise to the Riemannian metric
on CP1. In this Riemannian metric, CP1! is a totally geodesic submanifold ofSU(2)

and the integral curves' =" oe"0 of the vector elds ' Rwith R 2 L? are geodesics
through ' ¢ in the direction A.

The motion of a spinor' 2 S® = SU(2) along geodesic’ = oe'b is pro-
jected by the bundle projection : C2 ! CP?! to a motion on the base CP1.

The transformation properties of spinors under rotation admit a simple geometric
interpretation in light of this projection. In essence, they are due to the fact that
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a plane (that is, a complex line, or a bre) C and the ipped upside down plane

have the same image under the bundle projection . " #
In particular, let us choose R to be equal to ‘?bg 2 su(2), where bz = é 01

is a Pauli matrix. Let

i #

Cmrge =g & O (5.5)
0O e:2
h [

be the integral curve of the vector eld ' &R through the spinor ' o = 2 S8,

As we know," is the geodesic through ¢ in the direction ' oR in the Killing metric
on S2. Under the motion along the geodesic the spinot ¢ is transformed by

h i h o
! ez e 2 : (5.6)
h i n 0
At the same time the complex line through , which we denote by ,
is transformed by
n 0 no . .o .n )
I ez e 2 = ¢ : (5.7)

As changes from 0 to 2, the spinor' changes from' g to ' o, making half a
revolution in C2. At the same time, the glane (" )5 f' g, which for each is a

point of CP1, changes from to €2 , describing a full revolution

about the z-axis in R® around the 2-sphereS? identi ed with CP?! (see Ref. 10).
This is so because the spinors§ g and ' ¢ generate the same complex lind"' og.

Notice that if ' ¢ is an eigenstate ofbs, then the rotation is due to the phase
factor only. In this case the corresponding path onCP 1 is trivial (i.e. the underlying
point on CP! = S? does not move).

We remark here that the above projection of motion alongS?® onto a motion
along CP1 admits a very simple, almost mechanical interpretation desribed in Ref.
10. It is also shown there that a similar interpretation of tr ansformation properties
of Dirac 4-spinors describing relativistic electrons is val.

Let us point out that the discussed Killing metric on CP? is proportional to the
nite dimensional version of the previously mentioned Fubini-Study metric. Indeed,
we could have derived both the Killing metric on SU(2) and the corresponding
metric on CP! by closely mimicking our derivation in the previous section

In particular, we can identify the space C? of spinors with a subspace in a Hilbert
spacelL » of C?-valued state functions with the induced metric. Then the sphere S®
of unit normalized spinors and the projective spaceCP?! of physical spinors can be
assumed to be isometrically and totally geodesically embeted submanifolds of the
unit sphere St2 and of the in nite-dimensional projective space CP-2 respectively.
This embedding will be useful in Sec. 7.
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6 The principle of functional relativity

Physical reality in QT is independent of a particular representation used to describe
it. In particular, when we transform an equation of motion in QT from the position
to the momentum representation, the new equation describeshe same underlying
physical reality. At the same time the functional form of the equations of quantum
theory in dierent representations is dierent. Consider f or example the Klein-
Gordon equation I
m2c?

h2
which is a tensor equation under transformations of the Poirtae group . Note
that here, in order to make the discussion more obvious, we Wiuse a generic
system of units and write all constants explicitly. When written in the momentum
representation the equation Eq. (6.1) becomes

@@ + ' (x)=0; (6.1)

pp m*c® (p)=0; (6.2)

which is a dierent tensor equation under the action of . In other words, the
equations of QT considered as tensor equations on a group opace-time symmetry
are not in general invariant under a change of representatio.

Notice, however, that the string tensor form of the Klein-Gordon equation Eg.
(6.1) did not change. In fact, the equation can be written in an invariant way as

RR m?>? =0: (6.3)

Here it is assumed that in a particular string basisey the operator)sl is the operator
of multiplication by the variable p :

'R ey =p: (6.4)

In such a basis equation Eq. (6.3) coincides with equation Eq(6.2). Then, in the
Fourier transformed basis equation Eq. (6.3) yields equatin Eqg. (6.1).

In Sec. 2 we veri ed that the eigenvalue equations in QT can bealso written in
the string tensor form:

FR =F(Q: (6.5)

Moreover, in Sec. 3 the Schredinger equation was identi edwith the equation for
integral curves of the vector eld 'HH' associated with the Hamiltonian R:

d(x) _
dt

It is therefore a coordinate expression of a functional tensr equation on the string
spaceS. More generally, we saw in the previous sections that the mai objects

iﬁh' t(X): (6.6)
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of QT can be all cast in a form that is independent of any partiaular functional
realization. Examples include: quantum states ; ;::, the string spaceS to which
these states belong, quantum observable® ;B :::, vector elds R ;B ;:: associ-
ated with them, commutators of observables and of the assoated vector elds, the
previously mentioned eigenvalue problems and the Schrediger equation, etc.

These results suggest that the quantum theory is &unctional tensor theory. In
other words,

The laws of QT can be expressed in the form of functional tensoequations.

This hypothesis will be referred to as the principle of functional relativity . By
itself the principle can be considered as simply a curious nthematical property of
equations of QT. In fact, the transformations discussed sodr in this section consisted
in changing a particular functional realization H needed to describe a physical reality
without changing the string space S itself. Such transformations will be called
passiveas they are identity transformations on S being simply transformations of
the sting basiseyq on S. To make the above principle of functional relativity into a
physical principle, one must be able to realize the above trasformations physically.
To put it di erently, one must be able to \undo" any passive transformation by the
correspondingactive transformation on S.

The situation is identical to the one in Galileo's thought experiment with the
ship (see Ref. 2). The Galileo's principle of relativity is physical only because one
can physically \enclose yourself" in the ship, observe vaius \particulars" and then
\make the ship move", in which case \You will not be able to discern the least
alteration in all the ... eects" (Ref. 2). In other words, th ere exists a physical
transformation moving the entire Earth related laboratory to the ship in a uniform
motion. This transformation is an active transformation in space complemented by
(and \compensated" by) a Galilean transformation of the frame of reference.

In the new setting the existence of active transformations i the string spaceS is
immediately veri ed by any unitary evolution in QM. In this ¢ aseS is identi ed with
an L, space of state functions, and a unitary evolution operator § an automorphism
of L,. The Fourier transform experiment of Ref. 6 provides an examle of evolution
that is realized by an isomorphism of two di erent Hilbert sp aces of functions. Since
this experiment plays an important role in the coming discussion, let us brie y review
it here.

A free electron from a source passes through a magnetic spesteter and hits
a vertical absorbing scintillating screen as shown on Figug 5. Due to the Lorentz
force the electron will move in a circle of radiusr = % (we neglect the e ects
related to spin and to emission of photons). Heree is the electron's chargep is the
magnitudes of electron’'s momentump, B is the magnitude of the magnetic eld B,
and the vectorsp and B are assumed to be orthogonal. We conclude that positiory
of the electron at the moment of absorption (see the gure) isuniquely determined

by p.
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N\

Figure 5: A thought experiment with magnetic spectrometer

Long enough before the electron enters the spectrometer, stwave function is
an eigenstate of the momentum operator, i.e. it is proportimal to €P*, where x is
the horizontal coordinate along the electron path. At the moment of absorption the
state function of the electron can be assumed to be an eigenfiation of the position
operator, i.e., it is proportionalto (p Yy). Herey is the coordinate along the screen
and the scale is chosen is such a way that the electron of momem p is absorbed
at the point with y = p.

We conclude that mathematically the spectrometer acts likethe (inverse) Fourier
transform:

h i 14 . 14
F e (=5 e ™dx=— &P Wdx= (p y): (6.7)

From the linearity of QM it follows that the spectrometer tra nsforms superpositions
of free electron states into superpositions of spatially loalized electron states. The
Hilbert space 14 of state functions of the electron which passed the spectroeter
could be the space with the metric given by the kernel

ke(y;v) = e 20/ V% (6.8)

This metric was considered in Sec. 2 (we veri ed in Eq. (2.11}hat the correspond-
ing Hilbert space contains delta-functions). The metric on the spaceH is then the
Fourier transformation of Eq. (6.8) by Eq. (2.7) and is given by the kernel

2

ky (X;U) = plz—e 7T (X u): (6.9)

The resulting spaceH contains the free electron state functions of the initial ebctron.

The entire process can be described as an active transfornmian on S changing
solutions of the generalized eigenvalue problem Eq. (2.17nto the corresponding
solutions of the generalized eigenvalue problem

aly )=vyg( ): (6.10)
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If the active Fourier transformation in the experiment is complemented by a change
from coordinate to momentum representation, then the equaton Eq. (6.10) is

changed back to
d

f |a) =xf(): (6.11)

The above Fourier transform experiment followed by a changeof representation
mimics the Galileo's experiment with the ship. In fact, the physical transformation
of state of an electron and of the observable in the experimdris \compensated" by
the change of representation. As a result, the functional egations Egs. (2.17) and
(6.11) describing the electron before and after it passes timugh the spectrometer
have the same form.

Let us demonstrate now that, in light of the embedding formalism of Sec. 2
(see also Ref. 3), the principle of functional relativity is a natural extension of the
classical principle of relativity on space-time. LetN be the Minkowski space and let

2 S0(1;3), : N! N be a Lorentz transformation acting on N. Assume that
H is a realization of S containing the submanifold M4 of delta-functions identi ed
with N in the way described in Sec. 2. The kernel (x;y) = (X y) de nes a
functional transformation ! on H that maps M4 into itself by

Z

x Ny ady= (x a): (6.12)

We conclude that the transformation on the Minkowski spaceN induced by the
embeddingi : N ! H mapsa2 N onto a. In other words, the induced transfor-
mation is a Lorentz transformation. Moreover, the above transformations! acting
on H form a group Ly isomorphic to the Lorentz group L = SO(1; 3). In fact, if
Lixiy)= (x  ay)and!a(x;y)= (x  2y), then
Z
Pala(xz)= (X ay) (y  22)dy= (x 1 22): (6.13)

That is, the map de ned by ! (x y) is an isomorphism ofL onto Ly.

This result together with results of Sec. 2 can be summarizedy saying that the
tangent bundle over Minkowski space-time with the Lorentz group as a structure
group is a subbundle of the tangent bundle over the string spee. A similar state-
ment holds true for more general tensor bundles. The covariace of tensor equations
under Lorentz transformations is then induced by the above enbedding. As a re-
sult, Einstein's principle of relativity is a special case d the principle of functional
relativity.

Moreover, the principle of functional relativity ascribes a new meaning to the
speed of lightc. In fact, if ' (x) = (x a( )) is a path with values in the space
M3 H identi ed with the classical space N, then according to Eq. (2.41)

d = d—a ; (6.14)
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where the metrics onH and on N are related by Eq. (2.42). Assume thatN is the
Euclidean 3-spaceR3. Let be the classical time and leta( ) describe the motion of
a classical particle. Thenf]]'—a is the velocity vector of the particle and the right hand
side of Eq. (6.14) cannot exceed the speed of light. On the other hand, the left
hand side of Eq. (6.14) is a string-scalar, i.e. it is invariam under isomorphisms of
Hilbert spaces. The immediate conclusion is that the speedfdight is a string-scalar
and not only a Lorentz scalar.

In particular, since the motion of a classical particle is asumed to be physical,
we expect it to be an approximation of the motion that satis e s the Schrdinger
equation with an appropriate Hamiltonian. Then, in accordance with the principle
of functional relativity, any coordinate transformation y ields a physical equation
of motion &~ = LR with the velocity AR  of the norm less thanc. This
observation will be important in application of the formali sm to relativistic quantum
theory.

The principle of functional relativity also leads one to an interesting conclusion
about dimensions of observables in the theory. To see this,et us return to the
Fourier transform experiment discussed earlier in this setion. To make the dis-
cussion more obvious, let us use here the standard system ohits. To simplify
the expressions, let us assume that the vertical screen in Bure 5 goes through the
centers of electron orbits so that they coordinate of the electron absorbed by the
screen is given byy = j—g. The kernels of the (active) Fourier transform and its
inverse in the experiment are then given by

L(xy)= e o (6.15)

and

| 1(y;x): %ei 2h (6.16)

Consider the equations for integral curves of vector elds asociated with the position
and momentum operators:

da (x) _ i,
§= 0 (6.17)

and d _
X [
= — . 1
5 () (6.18)
As already discussed, both Egs. (6.17) and (6.18) are funatihal tensor equations
expressed in functional coordinates. By applying the abovective Fourier transform
to both sides of Eq. (6.17), we obtain

d (y)_ 12

d  heB

Notice that the dimension of eB is %, where P is the dimension of momentum and
L is the dimension of length. For this reason the exponents in gs. (6.15), (6.16)

b (V): (6.19)
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are dimensionless (as they should) and the terms on the leftrad the right hand
sides of equations Egs. (6.17) and (6.19) have the same dimson.
Let us now divide both sides of Eq. (6.19) by the coe cient %:

d (y) _ | .
dT = Hp (y): (6.20)
2
Provided = €5~ and () isidentied with , the equations Egs. (6.20) and

(6.18) can be now identi ed. In particular, since, as shown arlier, the dimension of
in Eq. (6.17) is equal to P, the dimension of in Eqg. (6.20) is % P=1L.

There is an important lesson to be learned from this simple cosideration. We
know that there exists a coordinate transformation (changeof representation) that
relates the equations of integral curves of vector elds assciated with operators of
position and momentum. The principle of functional relativity insists then that such
a transformation must be equivalent to the corresponding ative transformation.
The above example seems to be in agreement with this requireemt. Notice however,
that the active Fourier transform in the example needed to becomplemented by
division by the dimensional coe cient e%' In fact, we see from Eq. (6.19) that
before the division the dimension of terms is not \right". Th e reason for that is
clear: the position and momentum operators have di erent dimensions. It follows
that the functional principle of relativity can only be vali d if dimensions of terms in
the equations Eqgs. (6.17) and (6.18) are equal.

This conclusion can be claried by an example in special relavity. For the
special theory of relativity to be valid, the coordinates undergoing Lorentz transfor-
mation must have the same dimension. This is assured by intrducing a new time
variable x° = ct in place of the clock timet. Without this no \mixing" of space and
time variables would be possible.

In the current case the operatorsk, p at any point ' o on the sphereS" de ne
two tangent directions k' g and ip' o. Accordingly, the equations Egs. (6.18)
and (6.17) describe geodesics 08" through ' ¢ in these two directions. Functional
relativity requires \mixing" the directions. Therefore, t he dimensions of termsk'
and p' must be the same. This fact will be further clari ed in the next section
where we establish the functional-geometric nature of physial dimensions and of
the commutators of observables.

7 The origin of physical dimensions and of quantum
commutators

Recall that the length of a line segment [[* + ' ]in a Hilbert spaceH is given by
VA
k' K= keoy)' (x)" (y)dxdy; (7.1)
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wherek(x;y) is the kernel of the Hilbert metric on H. In the index notation of Sec.
2 this length can be written as

k' kG = ke ' X0V (7.2)

The latter form of writing makes the meaning of the variables x;y especially clear:
they are just indices needed to label component functions obtring tensors in a
basisey . In particular, the equation Eq. (7.2) is analogous to the eqiation kduk? =

g du du forthe length element on a nite dimensional manifold with Ri emannian
metric g.

As indices of tensor elds on a nite dimensional manifold carry no dimension,
the indices x;y in Eq. (7.2) should be dimensionless as well. Moreover, thenebed-
ding formalism of Sec. 2 also supports the idea that the varibles of functions' in
a Hilbert spaceH do not have a direct physical meaning. Instead, such a meanm
is carried by the functions' themselves. Finally, according to the previous section,
the principle of functional relativity can only be valid if d imensions of operators such
as position and momentum coincide, in particular, if they are both dimensionless.

If the observables are indeed dimensionless, we must exphathe way in which
the standard interpretation of dimensions of physical quarities becomes possible.
For this recall that in the embedding formalism of Sec. 2 the tassical spaceM 3
is a submanifold of a Hilbert spaceH formed by delta-functions. Moreover, the
Riemannian metric on M3 is induced by embedding via the formula

Z
k(x;y) ' (X)' (y)dxdy = g (a)da da : (7.3)

Here the metric g is given by Eq. (2.42). Assume now that the only dimensional
guantities in the left hand side of Eq. (7.3) are functions' and that they carry
the dimension of length L. Hence the left hand side of the equation Eq. (7.3)
has dimensionL? and the right hand side must have this dimension as well. In
particular, in the case of the ordinary Euclidean metricg = we are forced
to conclude that da has dimensionL. Therefore, the dimension of length on the
classical spaceM 3 is induced via the embedding ofM 3 into H.

It is important to realize, however, that this method of indu cing dimensions is
not functionally covariant. In particular, as soon as we acept that the dimension
of spatial coordinatesa is L, we are forced to recognize that the dimensions of
momentum and position operators do not coincide. In particdar, the operators p
and k transform under a change of unit of length in a reciprocal way

So, the need for various physical dimensions may have its ain in the above
identi cation of dimensions carried by functions and by the variables. The invari-
ant approach to dimensions is to accept the dimension assaied with functions
as physical, consider the arguments of the functions as dinmsionless and keep in
mind that the right side of Eq. (7.3) is a special case of the factionally invariant
expression on the left.
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With this accepted we need the length, time and momentum (or nmass) to be
dimensionless physical quantities. This by itself is easyd achieve by xing an ar-
bitrary system of units and considering dimensionless rats (for example, length
divided by the unit length, time divided by the unit time, etc ). A similar \can-
cellation” of dimensions can be done in physical equationsalating dimensional
guantities. However, the ratios of length, time and mass wil depend in this case on
the chosen system of units. Because of that we need a system whits that would
be physical, rather than \anthropomorphic". In other words, the units in such a
system must be independent of any particular human conventin.

Such a system of units is well known and, in fact, widely usedn high energy
physics. It is the so-called Planck system of units in whichc= h = =1 with
being the constant of gravity. The units of length, time and mass in this system (the
Planck length |p, time tp and massmp) can be expressed in terms of the standard
Sl units as follows:

Ip 1:6 10 3m; (7.4)
tp 5:4 10 *4s; (7.5)
mp 2:2 10 %kg: (7.6)

When physical quantities are expressed in Planck units theybecome dimensionless
physically meaningful numbers (such as length divided by tle Planck length, time
divided by the Planck time, etc.) Since the Planck units are e ned in terms of the
physical constantsc;h; , they would change in any physical process that changed
these physical constants. At the same time the values of physal quantities would
change under these circumstances in a similar fashion. Beaae of that their expres-
sion in Planck units would remain unchanged provided the dinensionless physical
constants stay the same (see Ref. 5).

From now on we will assume that the values of physical quantiies are always
expressed in Planck units as dimensionless ratios. Then thgosition and momentum
operators become dimensionless and have the form

R = X (7.7)
. d

= i—:

P dx

The Fourier transform relates the two while preserving ther dimensionlessness. The

equation for integral curves of the vector eld associated vith an observable & in
Planck units has a simple form

(7.8)

d - ik (7.9)

where the operator R and the parameter are dimensionless. The equation Eq.
(7.9) has been already used earlier in the paper without muchdiscussion.
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Recall that according to Sec. 2 the Euclidean metric on the @ssical spaceVi 3
can be induced by the embedding : M3 ! H, whereH is the Hilbert space with
the metric K given by the kernele 20¢ V)7 We saw that the spaceH contains delta-
functions and that the expectation value of the position opeator k for a particle
in state (x @) is equal to a. It was also pointed out in Sec. 2 that not all of
the results of the standard QM can be exactly reproduced in megic K. However,
we are going to demonstrate now that within applicability of the standard QM, the
di erence between its predictions and the results of correponding calculations in
metric K is too small to be detected in any current experiment.

For instance, an easy calculation demonstrates that the nam of superposition
¢t (x a)+ c (x b) of two position eigenstates in metricK is equal to

C1J=+ JCoJ= +(CiC2 + C1C) € % 2: .
jc1j? + jaj® + ( )e 2@ D (7.10)

Recall now that the variables are measured here in Planck umé. Also, the current
experiments can only resolve distances signi cantly largethan the Planck length.
Therefore, for superposition of any physically distinguidiable position eigenstates
the norm of a b in Planck units is a very large number. Therefore, the exponat
e (& B js negligibly small and the equation Eq. (7.10) reproduces tie expected
result with an extremely high accuracy. Clearly, the result can be easily generalized
to arbitrary nite compositions of delta functions and to va rious bilinear expressions
evaluated on such compositions.

Moreover, the results of calculations in metricK are also extremely accurate for
the system in an arbitrary square integrable state. For instance, consider a particle
in a bound state' in one dimension and let us evaluate the norm of in K metric.
This norm is given by

z
KK = e 20V (x) (y)dxdy: (7.11)

As before, the variablesx and y in Eq. (7.11) are measured in Planck units. Let us
denote the length variable x measured in macroscopic length units, say meters, by
XL . We then havex = Lx_, where according to Eq. (7.4) the coe cient L is of the
order of 10°. Using Eq. (7.11) and denoting' (Lx ) by (xL), we have

piz

1

KK =L ée L0 YO () (y)dxydyy (7.12)

It is known that the sequencek, (X, ;y ) = e 2L YO g delta-convergent
sequence ad ! 1 . In other words, for large L the kernel k. (x_;y.) behaves
as the delta-function (x_ y.). Sincel is of the order of 13°, we conclude that
the value of the integral iB Eq. (7.12) is extremely close to he standard expression
k kfz. The coecient L™  in front of the integral indicates that the expressions
k' ky and k k_, are normalized dierently. This, however, does not aect the
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measurable predictions of quantum theory. Generalizationof this result to various
bilinear expressions is immediate.
The above metric K evaluated in momentum representation yields the metric

K with the kernel 912:e e (k  p). The fact that for the square integrable states
the metric K is practically indistinguishable from the L,-metric has its natural
counterpart in the case of metrick . In fact, since the norm of momentumk of a
particle in the modern quantum mechanical experlments is mgh smaller than the

Planck unit of mass (see Eq. (7.4)), the exponene > can be safely replaced with
1.

With these results in hand we are ready to investigate the meaing of commu-
tators of observables in quantum theory. LetL, be a space ofC2-valued square-
integrable functions and let S© be the unit sphere inL, with a Riemannian metric
G on it. Assume as in Sec. 5 that the sphere of unit spinor$2® = SU(2) with the
Killing metric is embedded isometrically and totally geodesically into S©. Accord-
ingly, the space of projective spinorsCP! = S3=S! with the induced Fubini-Study
metric is embedded isometrically and totally geodesicallyinto the projective space
CPL2 furnished with the Riemannian metric induced by embeddingCPt2 | SC,

The results of Secs. 4 and 5 suggest that there exists a Riemaian metric on
S® in which the integral curves of the vector elds associated vith observables of
interest are geodesics. In the considered models this factas veri ed for a single
observable with a trivial kernel and for the spin observables.

Assume then that R, B are observables, and that i® , i® are the corre-

sponding vector elds and the integral curvese iR 0, € LR o are geodesics 08°.
Then the sectional curvature of S€ in the plane through tangent vectors iR
iB" atany point ' ¢ can be expressed in terms of the commutators of these elds.
Suppose for example that® and B are spin observables. Recall that in the
Planck system of units the operator of spinb has eigenvalues 1=2 and can be
expressed in terms of the Pauli matricesbs; by; bz as

1
B= -b 7.13
5 (7.13)
with b = (' bq; by; b3). The corresponding anti-Hermitian generators gy = iibk form
a basis of the Lie algebrasu(2) and satisfy the commutator relations

[B; 8] = Kim bm; (7.14)

where ym denotes the completely antisymmetric tensor of rank three.

Recall now that any vector x = (xX) in the Euclidean spaceR? can be identi ed
with the element ix b, = 2xX#y of the Lie algebrasu(2). Then the Euclidean norm
kxkgs of x is equal todet(x) and rotations in R are represented by transformations
x ! UxU* with U2 SU(2).

Let us accept this identi cation and let us also recall that t he embedding ofR3
into S® is assumed to be isometric. Notice that the Killing metric on S®  S©
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is de ned up to a constant factor and in any Killing metric K on S3 we have
2xKe; 2xM b, e 4xkxMgm, where gan = (bc;bm),e are the components ofk
in the basis bc. To satisfy the isometric embedding condition we must have hen
Gkm = % km -

At the same time, the componentsgy, of the Killing metric Eq. (5.1) in the
basisb, are given bygim =2 km. In other words, the Killing metric Eq. (5.1) must
be multiplied by %. This also means that the corresponding sectional curvatue
of the Killing metric on S® = SU(2) will be multiplied by 8. Using the formula
Eq. (5.4), we then have for the sectional curvatureR(p) in the plane p through
orthogonal vectorsLy, ;L :

R(LpiLp)le by 1 ([by; &2; [b1; B2])

4

-8 = (B =10 (7.19)

N

Lbl’Lbl K ng’Lbz K

This sets the radius of S® in Planck units at 1.

It follows that, at least in the directions speci ed by the spin observables,SC€ is
an extremely small sphere. According to Eq. (7.4), it is abot1 10 3° of a meter in
diameter. Despite the apparent minuscule size of the spher&€, the classical space
can be isometrically embedded into it. In particular, we veri ed in Sec. 2 that the
Euclidean spaceR? can be isometrically embedded intoS® as a \spiral" through the
dimensions ofS®. We also remark that the obtained radius ofS€ is exactly equal to
the minimal length that is widely believed to exist in quantum gravity. In parti cular,
the notion of minimal length acquires an unexpected geometc interpretation.

This picture reveals the dual role of Planck's constant. First of all, in a \di-
mensionfull* system of units such as SI, it plays the role of adimensional coe cient
needed to relate the dimensions of length. and momentum P. In this respect h is
similar to the speed of light c relating the dimensions of length and time.

More importantly, the geometric meaning of h becomes clear when looking at
the commutators of observables that containh. Namely, according to Eq. (7.15) the
commutators of observables are directly related to the seédnal curvature of S®. In
other words, according to the theory, the non-trivial commutators of observables in
QM are related to the non-vanishing curvature of the sphereS®. At the same time
the smallness of Planck's constant in Sl units has its originin the minuscule size of
SC in these units.

8 Application to the process of measurement

One of the most important consequences of the principle of foctional relativity
is that quantum processes (including quantum measuremenjstake place on an
in nite-dimensional Hilbert manifold rather than on classi cal space. This observa-
tion turns out to be crucial in providing a strikingly simple interpretation of quan-
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tum mechanical experiments. For illustration let us consider the famous two-slit
experiment with electrons.

Assume that the function' ="' (x) describes the initial wave packet of a free
electron propagating toward the screen with the slits. Let us denote the Hamiltonian
of the system byR and let us identify the parameter with time. As we know, the
path ' is a geodesic in the Riemannian metridB = (hh) 1onstz. Asin Sec. 3,
in the R-coordinate system on a neighborhood of o = ' | _, the path has a simple
form, which is linear in

Y=o ) (8.1)

Assume that and are (unit normalized) state functions of the electron
that passed through one of the slits with the other slit clos@l. Then the state
function of the electron that has passed through the screen ith both slits open is
a superposition

=a +b; (8.2)
wherea;b2 C and jaj? + jb? = 1. The path is a geodesic in the metric@® and
its equation in R-coordinates is

=( o ): (8.3)

The entire process of passing through the slits expressed i-coordinates is shown
in Figure 6.

Figure 6: Two-slit experiment as a refraction of the electron path inH

On the gure the point (' o; 1) represents the moment when the electron hits the
screen with the slits. As a result of interaction with the screen, the state function of
the electron in R-coordinates shifts from (o0; )to( o; ). The process of passing
through the slits is shown as a line segment connecting the piots (' o; 1) and
( o; 2). After passing the slits, the electron continues evolvingas a free particle
with initial state .

From this perspective the slits cause a refraction of the eletron path in St2.
Notice the di erence between Figure 6 and the standard pictuing of the experiment
shown in Figure 7. The characteristic splitting of the electron path in Figure 7 is
due to attaching the entire process to the classical space ahnis absent in Figure 6.

Assume now that a measuring device is inserted in front of oneof the slits
causing collapse of the electron state to, say, . The corresponding diagram is
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Figure 7: The standard picturing of the two-slit experiment

Figure 8: Interpretation of the two-slit experiment with collapse

shown in Figure 8. This simple diagram suggests that the proess of collapse in the
experiment is just another refraction of the electron's path in the functional space.

To clarify this point, note that the state function of the ele ctron is usually
\distributed" over a range of values of its variables. At the same time, the state
function is a point in the functional spacel ,. In some generalized sense, the particle
is a point particle in the functional space. The paradox associated with the tweslit
experiment is due to the fact that we are trying to attach the process to the classical
space. That is, we think of a quantum particle as being on the tassical space all the
time. If the process of passage through the screen is consige functionally, it can
be described in terms of a simple bending of the electron’'s ph. The same applies
to the process of collapse.

Although the mechanism of refraction of the electron path inthe two-slit exper-
iment will be treated in detail elsewhere, let us demonstrae that the \shift" of the
path (the middle part of the diagram in Figure 6) could be indeed a geodesic in an
appropriate Riemannian metric on the space of states. For tis let us consider a
simpler experiment with electron in a homogeneous magneticeld. A free electron
of momentum p = hk propagates in the direction of the X -axis and enters a chamber
with a homogeneous magnetic eldB = (0;Bg;0). The equation of motion of the
electron in the chamber is as follows:

. d h? d?
ih—= —— b2Bo ; 8.4
dt 2m dx2 2=0 8.4)
where = ( s;x;t), s=1;2 is a two-components statg function of the electron,
is the electron's magnetic moment andb, = ? 0' is a Pauli matrix. The

substitution
( s;xit) = +(x)" «(s) (8.5)
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produces two evolution equations. The rst describes the ewlution governed by the
free Hamiltonian

d¢_ h?d
The second equation describes the evolution in the spacg? of spinors' :
o dy
— = boBg' ¢: .
ih at zBo t (8 7)

A particular solution of Eq. (8.4) is given by the product of t he following pair of
functions:

) = gl 3 (8.8)
1 B o
COS 5 —t

(o) = 4 5y, O (8.9)
2 “h

where the angle depends on the initial spin state' j,., ' o of the electron before
it enters the chamber.
Assume that = 0 so that jpefore entering the chamber the electron is in the
. . 1 .
\spin-up" state, i.e., ' g = 0 Choose the length of the chamber in such a way
that at the moment when the electron leaves the chamber it is m the spin state

a= . We may assume, for example, that the parametet changes between

Wi

0 and %BLO. Then the process of passing through the chamber leads to a jitting"
of the original spin-up eigenstate of the operator , into a superposition of spin-up
and spin-down states. In this respect the experiment is a nite dimensional version
of the two-slit experiment where a localized electron wave peket gets transformed
by the screen with the slits into a superposition of two wave @ckets.

Let L, be a Hilbert space of two-component state functions and letS-2 be the
sphere of unit normalized states inL,. Let M be the four dimensional submanifold

of Sk2 given by the product of manifoldsM =1 ~ S° Herel is the integral curve
t= e Bt o of the vector eld associated with the free Hamiltonian Rg = %dixzz

(thatis, . is a solution of Eq. (8.6)) and S? is the sphere of normalized spin states.
Assume for simplicity that ¢ is a su ciently well localized (square-integrable) wave
packet. Then the electron's path in the experiment can be desribed by the pair of
functions u; = ( ¢;' t), so that u; takes values in the submanifoldM .

Let us now de ne the Riemannian metric on the submanifold M in the way
consistent with Secs. 4 and 5. Namely, le8 = (HOHO) ! be the metric on| and
let R be the Killing metric on S3. Then the Riemannian metric on M is taken to
be the direct product of & and K. In more detail, at each pointu=( ;' )2 M
the tangent spaceT,M is naturally identi ed with the direct sum T | + T. S3. The
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metric at u is then given by the block-diagonal matrix

" #
g o
0 R (8.10)
As a side remark, note that the metric K could have been written in the form
analogous to® = (RoR,) ! (see Ref. 11).
We claim now that the electron's path in the magnetic eld is a geodesic on
the manifold M. In fact, under the above assumptions the electron's path inthe
chamber is given by

= " =§ cos —°t é: (8.11)

We know from Sec. 4 that  is a geodesic in the metric® = (RoRy) L onI.
Moreover, ' ¢ is an integral curve of the left invariant vector eld 'ﬁ -Bg on S® and
is therefore a geodesic in the Killing metric (see Sec. 5). Téform Eg. (8.10) of the
metric ensures then that the curveu; = ( ¢;' ) is a geodesic inM , which is what
was claimed.

Let us now comment on the instantaneous nature of collapse wbh may nd
its explanation within the developed framework. In the devdoped formalism the
classical space is identi ed with a \spiral" M 3 isometrically embedded into a Planck-
size sphereS®. The points on the \spiral" can be far apart when the distance is
measured along the \spiral". Since the embeddingMs !  S€ is isometric, the
latter distance coincides with the distance in the classichspace. On the other hand,
the geodesic distance between the points in the Riemannian airic on S€ is at
most of the order of radius of the sphere. In particular, the déectron may be in a
superposition' = a + b of states of the particle localized at two distant points
in space. At the same time, the functional distance betweench a state’ and the
state (or ) may be small. The gure below illustrates this result.

_— — —e

Figure 9: The classical space distance versus the functional distance

Let us also make some comments about the dynamics of a quantummeasure-
ment. Such a dynamics is not developed in the paper. Neverthess, there are several
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important observations that follow from the formalism and need to be taken into
account when considering the dynamics of collapse.

First of all, the principle of functional relativity insist s that, whenever valid, the
Schredinger equation is nothing but a particular realization of a functional tensor
equation

d .

—— = iR (8.12)
Here it is assumed thatR admits a realization as the Hamiltonian R of the considered
system. Any other realization

= iR (8.13)

of Eq. (8.12) describes a physically possible \evolution" m the direction speci ed
by the operator R.

Next, for an appropriately chosen Riemannian metric onS-2 the solution of
Eq. (8.13) through a point ' o 2 S'2 is a geodesic in the direction i® o. In
particular, the evolution in an arbitrary direction of the t angent spaceT ,S“2 is
possible. Assume that the initial state' ¢ is an eigenstate ofR with the eigenvalue
a. Then the equation Eq. (8.13) is satis ed by the function

oz e g (8.14)

The solution Eq. (8.14) signi es that the projection of the path' on CP'2 yields a
trivial path. In other words, the eigenstates of observable arezerosof the projection
of the vector eld iR induced by the bundle projection :St2! CPlz,

With this in hand we make the following conjecture about the nature of quan-
tum measurement. A classical measuring device that measusean observable&
locally curves the Riemannian metric onSt2 or CPL2. This curving results in the
creation of the hole-like regions (to be called below \holes) on neighborhoods of
the eigenstates ofR in St2 or the corresponding points inCP2. In particular, to
measure positionk of a microscopic particle we may use several counters distruted
in space or a photographic Im. The counters or the moleculesof the Im play the
role of the holes inS® = SL2;G positioned in this case alongMs3, i.e., at the
eigenstates ofk. Similarly, to measure momentum p of the particle, the momentum
measuring devices must be gauged in the momentum variable anplay the role of
holes positioned along the momentum submanifoldi 5 of SC.

The evolution of a microscopic particle is a motion along a gedesics in a Rie-
mannian metric on the sphereSt2 or on the projective spaceCP'2. The presence
of measuring devices alters the standard Schredinger evation. When the path of
a particle on Stz is close (in functional space) to a particular hole, the paricle (i.e.
the state!) may \collapse" into the hole. In particular, the state of the particle
in the hole will coincide with the function that describes the position of the hole,
i.e., it will be an eigenstate of the measured observable. Té holes are zeros or
\equilibrium points" of the vector eld iR projected onto CP-2. The evolution
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of a particle in the hole is projectively trivial. Besides the functional distance, the

collapse to a particular hole may depend on a chaotic motion bthe holes (i.e. mea-

suring molecules) alongS“2. This results in a stochastic process which may account
for the probabilistic character of collapse.

Finally, let us make a brief comment about the relationship d evolutions of
macroscopic and microscopic particles in the formalism. Adliscussed, the image
of the classical space under the embedding: a ! (x a)is a\spiral" through
the dimensions of S". The standard quantum evolution of microscopic particles
does not follow the \spiral" but rather makes a \shortcut" by following a geodesic
of S". In particular, the microscopic particles do not normally propagate in space
Ms: the path' (x)= e B o(x) can hardly ever be written as a path (x a( ))
in M 3. Only the particles of su ciently large mass, or, more generally, those under a
constant bombardment by the environment, are forced to stayon the classical space
M3 and evolve along the corresponding \spiral" inSH . For a particle of su ciently
large mass such a motion along geodesic M3 can be identi ed with the ordinary
classical motion along a straight line. Alternatively and with a good approximation
the motion of su ciently fast microscopic particles in a bub ble chamber would also
follow a geodesic oM .

Note however, that the environment related \bombardment" may cause a local
deformation of the metric on S" along the classical spaceMz. In particular, M3
may still turn out to be a totally geodesic submanifold of the sphereSC®, i.e., the
sphereS" with an additionally deformed metric G. In this case the geodesics on
M3 would also be geodesics 08C. To understand how an in nitely large classical
space could be embedded totally geodesically (and not onlysometrically!) into an
otherwise extremely small sphereS®, one can think of the classical space in Figure 2
of Sec. 2 as a \canyon" on the surface of the sphere. The sphecan be small, while
the \canyon" can be as long as one wishes, and still the curvealong the bottom of
the \canyon" could be geodesics ofSC.

To become a model, the functional geometric interpretationof quantum evolu-
tion and collapse must be accompanied by the dynamical equatns of motion. It
was advocated here that for a single particle quantum mechaigs the latter equa-
tions are simply equations of geodesics on a Hilbert Riemanan manifold. The
derivation of these equations is then similar to derivation given in Secs. 4 and 5.
However, the presence of measuring devices is now assocthteith an additional
skewing of the metric. The problem is then to nd the metric pr oducing the needed
geodesics. Because of that, the derivation of speci ¢ equains of collapse becomes
mathematically more involved and the problem is currently open.
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